Quantitative nuclear magnetic resonance imaging (MRI) shifts more and more into the focus of clinical research. Especially determination of relaxation times without/and with contrast agents becomes the foundation of tissue characterization, e.g. in cardiac MRI for myocardial fibrosis. Techniques which assess longitudinal relaxation times rely on repetitive application of readout modules, which are interrupted by free relaxation periods, e.g. the Modified Look-Locker Inversion Recovery = MOLLI sequence. These discontinuous sequences reveal an apparent relaxation time, and, by techniques extrapolated from continuous readout sequences, the real T1 is determined. What is missing is a rigorous analysis of the dependence of the apparent relaxation time on its real partner, readout sequence parameters and biological parameters as heart rate. This is provided in this paper for the discontinuous balanced steady state free precession (bSSFP) and spoiled gradient echo readouts. It turns out that the apparente longitudinal relaxation rate is the time average of the relaxation rates during the readout module, and free relaxation period. Knowing the heart rate our results vice versa allow to determine the real T1 from its measured apparent partner.
Introduction
Many nuclear magnetic resonance imaging techniques depend on periodic perturbative readouts of nuclear magnetization, the dynamics of which otherwise would be solely determined by thermodynamic forces driving it towards equilibrium. Prominent examples of periodic perturbations of relaxation processes are the repetitive application of -spoiled gradient echo sequences in order to determine quickly T 1 (Snapshot Flash) [1] -or balanced steady state free precession sequences (bSSFP) [2] . Recently characterization of myocardial pathology by fast determination of T 1 by modified Look-Locker-Inversion Recovery (MOLLI) techniques [3] and its modifications (e.g. [4] ) has shifted into the focus of interest in cardiac MRI. MOLLI differs from the aforementioned examples as the periodic perturbation acts on two time scales. Periods of free longitudinal relaxation, the length of which are determined by the heart beat cycle length T RR , are interrupted by readout imaging modules, in which the balanced or spoiled gradient echoes are repeated with the much smaller repetition time T R . Of course it would be of paramount interest to relate this complex driven relaxation process with its apparent relaxation time T * 1,M olli to the sequence parameters, and the tissue parameters T 1 and T 2 . This dependence, which to our knowledge is Periodic perturbation of relaxation processes consist of modules in which external forces, e.g. radio-frequency pulses, are interleaved with non-disturbed relaxation intervals in which thermodynamic forces act. The latter increase entropy of the spin system which becomes apparent in transverse relaxation, and minimize its free energy in longitudinal relaxation. Pulses act linearly on the magnetization vector m, whereas thermodynamic forces on the difference of m to its equilibrium value m eq , i.e. m − m eq . For simplification we normalize the magnetization by the magnitude of this equilibrium value m → m/m eq , and align the z-direction parallel to the direction of the external magnetic field, i.e. m eq → e z , with e z as the corresponding unit vector.
The above mentioned linear/affine response of the magnetization to rf-pulses and thermodynamic forces has the following consequence: When rf-puls(es) and relaxation period are coupled to one module, and when these modules appear contiguously in series, the magnetization at the end of one module is an affine function of that at its beginning, i.e. that at the end of the preceding module. So, for the magnetization after the n-th module follows
with the transformation matrix U , and some vector v. The steady state is achieved, when the magnetization after the module is identical with that before, which determines the corresponding steady state magnetization as
with 1 as the identity matrix. Recursive application of Eq.
(1) and applying rules for geometric series yields that
with m(0) as the initial magnetization. The last equation demonstrates that with respect to the steady state magnetization U is the generator of evolution on the time scale of a module duration. For practical determination of relaxation rates U is decomposed spectral, after Eigenvectors and Eigenvalues have been determined. In general this yields a multi-exponential decay of m.
In case of discontinuous Lock-Locker sequences as the MOLLI the situation is a bit more complex as the module consists of two sub-modules, the readout, with duration t read and the free relaxation period, lasting t f ree = T RR − t read , with T RR as the cycle length of the heart beat. Within the module the sub-modules follow a time evolution as in Eq. (3). So when m n−1 is the magnetization before the n-th readout, it develops towards
with U (reaodut) as the transformation matrix -, and m (readout) ss as the steady state magnetization of the readout. Note, that n − 1/2 symbolizes the magnetization directly after the n-th readout, but before the free evolution of the n-th sequence cycle, completing only "half" the evolution. The explicit forms of the readouts have been determined in the past, e.g. see Refs. [1, 2] , and will be used later on. Thereafter the magnetization freely decays, which is described by the relaxation rate matrix
So magnetization after the readout develops to
The Eqs. (4,6) yield the recursive dependence of magnetizations before and after the whole module as
with the steady state magnetization of the MOLLI sequence determined according to Eq.(2)
This implies that the evolution operator on the time scale of the composite module
. It is noteworthy that in case that the evolution operators U (free) and U (reaodut) commute, the relaxation rate(s) of the composite module are the time average of those of the sub-modules. This is easily seen as one can assign the evolution matrices U (i) (i = readout -, free -, composite module) generator matrices R with
As t read + t f ree = T RR one obtains the addition theorem for respective generators
In the next sections the two different readout modules which are commonly used, the traditional Lock-Locker (FLASH) and the bSSFP readout, will be investigated.
MOLLI with bSSFP readouts Evolution under the influence of bSSFP
In bSSFP, magnetization is excited by an initial preparation α/2 pulse. Thereafter it develops gradient induced echoes which are all balanced and driven consecutively by alternating α-pulses spaced by repetition time T R = 2T E . The theory of longitudinal relaxation under the influence of this sequence has been studied extensively in the past, e.g. [2, 5] , and only essentials necessary for understanding of the paper are repeated here. The repeated application pulses implies that the evolution operator U (bSSFP) consists of a sequence of identical operators giving the time evolution within the repetition timeÂ, i.e. for m repetitions
whereP pre is the operator realizing the initial preparation, i.e. for an α/2 pulse rotated around the x-axiŝ
A itself consists of operators describing pulse related rotations α around the x-axis and phase shifts Π (due to alternation of rotation direction), precession (due to off-resonance) as well as free relaxation within T R . We (32)).For the numerical approach we straightforwardly applied the evolution matrices (e.g. preparation pulse, bSSFP readouts and free relaxation) on magnetization in series. Acquisition of the center of k-space was obtained at t read /2, which was also the value for the imaging time determining the steady state magnetization (Eq. (32)). The time course of signal from these centers of k-space was fitted by a single exponential providing the numerical values for the apparent relaxation time and steady state magnetization. The sequence parameters were: TR = 2.4 ms,α = 35
• , t read = 86pulses × 2.4ms = 206.4 ms, and T2 = 50ms.
focus only on the on-resonant case, which derivesÂ aŝ
(12) Note that this real matrix is symmetric (Hermitian), which implies an orthogonal system of Eigenvectors. The evolution of magnetization within T R is obtained by the affine recursion
For the evaluation of longitudinal relaxation in the MOLLI setup, it is useful to obtain the steady state vector, as well as Eigenvectors and -values of the bSSFP readout matrixÂ. as the repetition time is much smaller than the relaxation time, T R T 1 , T 2 , we get
for the normalized Eigenvectors above, and corresponding Eigenvalues below. Here
denote the apparent longitudinal or transverse relaxation times of the bSSFP train. The steady state magnetization derives as
i.e. the steady state vector and 3rd Eigenvector are parallel.
A. Evaluation under the influence of discontinuous bSSFP readouts
We will now investigate the generator of time evolution in the MOLLI setup. The generator for the bSSFP imaging module is given by
and hence
whereP post depends on the details of the imaging module, i.e. if at the end the magnetization is flipped back onto the z-axis or not. The free relaxation following the bSSFP readout last long, when compared to transverse relaxation T RR − t read T 2 . This simplifies the corresponding evolution operator to
where with the unit vectors in z-direction e ẑ
is the projection operator of a vector onto the z-axis.
Note that e z T is the transposed vector. Keeping in mind that the initial magnetization is parallel to the z-axis, and that the free relaxation periods just leave a magnetization in z-direction (Eq. (20)), it is sufficient to consider only the part ofP pre (see Eq. (11)) which rotates the z-component of magnetization, i.e. together with the Eigenvectors in Eqs. (15) we may writê
Hence, exploiting the property that e 3 is the 3rd Eigenvector of the bSSFP readout matrixÂ simplifies Eq. (19) , i.e. after inserting the 3rd Eigenvalue, and taking into account that t read = m T R one obtains
(26) So the apparent relaxation rate is the sum of the time averaged rate of relaxation within the readout module and free relaxation plus a correction term, which depends on the post preparation. With Eq. (16)this leads to
The correction term ln (ξ) /T RR either vanishes if the flip back is applied or is otherwise also rather small as the following shosw: T RR is typically in the order of T 1 and bSSFP readout mainly operates with angles of α ≈ 35
• , which makes the relative difference of relaxation rates with and without flip back about ≈ 5%.
The steady state magnetization derives from Eq. 
When we assume that t read /T * ,bSSFP 1 is sufficiently small, and inserting the steady state magnetization under bSSFP readout conditions m 
with κ = 1 in the absence, and κ = 1/2 in the presence of the with flip back of magnetization after the readout. Complete neglection of the t read terms further simplifies these results to
which has the similar form as the classical Lock Locker (FLASH) experiment hence motivating the commonly used correction to obtain T 1 from the apparent relaxation time T * MOLLI
1
. Equation (28)gives the steady state magnetization at the end of the free relaxation period, i.e. immediately before the next readout module. However, from this next readout module the relevant signal is that obtained when the center of k-space is acquired, the timing t im of which is (due to the preparation pulses) after half the duration of the readout module. Hence, one must also consider the effect of this bSSFP module and one obtains for the measured steady state magnetization 
Note, that T * (bSSFP) 1 may be obtained from Eq. (26).
MOLLI with spoiled gradient echo readoutsdiscontinuous classical Look-Locker (FLASH)
The theory of longitudinal relaxation under the influence of continously applied spoiled gradient echoes has been studied extensively in the past, e.g. [1] . The spoiling implies that ideally the hf-pulses solely act on a magnetization in z-direction. So, within the readout module it is sufficient for two consecutive pulses to evaluate solely the interdependence of their z-component. As, in addition, the free relaxation period in between the readout module also only leaves a z-component at its end, it is justified as well to study only the z-component of the composed process. This simplifies the mathematical analysis as matrix operations just reduce to multiplication with numbers.
Evolution under the influence of spoiled gradient echos
We will only roughly present the well known results. The z-magnetization before two pulses in sequence, separated by the repetition time T R , are interrelated by the affine recursion
with
and
Note that the equilibrium magnetization is normalized to one. Recursive application directly leads to an apparent relaxation rate
and the steady state magnetization derives as
where the last approximation is justified, as repetition time of the gradient echoes is small compared with T 1 , T *
.
Evaluation under the influence of discontinuous spoiled gradient echo readouts Time evolution during the free relaxation periods between the readouts is given by the factor
where duration of the readout t read is determined by the number m of gradient echoes, i.e. t read = m T R So, the generator of discontinuous relaxation (Eq. (7)) for one period (readout-free relaxation, with duration T RR ) in the Lock-Locker setup is 
As in the case of the bSSFP readout, one has to keep in mind that the above steady state magnetization is that at the end of the free relaxation period, just before the subsequent readout. This readout, or more precisely its timing of the center of k-space t im determines the measured steady state magnetization. 
